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HEyCTOHHHBOCTb KOHBEKTHBHblX TEHEHHH 
MAJIOH AMIUIHTy/Jbl BO BPAmAK)II];EMC5I CJIOE 
CO CBOEO/JHblMH rPAHHIJAMH 

MejKflyHapoflHbifi hhcthtyt Teopiiii nporH03a 3eMJieTpaceHHH 
h MaTeMaTHHecKoii reo(pH3iiKii PAH, MocKBa 

JIa6opaTopHa o6meH aspo^HHaMHKH, Hhcthtyt MexaHHKH Mry, MocKBa 

Mm H3yHaeM ycToiiHHBOCTb CTainiOHapHbix KOHBeKTHBHbix TeaeHnii b ropn30H- 
TajibHOM cjioe co cboSo^hmmh rpaHHHajvra, no/xorpeBaeMOM CHH3y h BpamaioiHeMca 
OTHOCHTejibHO BepTHKajibHOH och, npejjnojiaraa npn6jiH»ceHHe ByccnHecKa (kohbck- 
hhh Psjiea-BeHapa). PaccMaTpHBaeMbie tghchhh - KOHBeKTHBHbie Bajibi hjih KBa^paT- 
Hbie HneHKH, HBjiaiomiieca cyMMOH ,a,Byx nepneH^HKyjiapHbix BajiOB c o^HHaKOBbiMH 
bojihobbimh HHCJiaMH, k. ripe,zniojiaraeM, hto hhcjio Psjiea 6jih3ko k KpHTHnecKOMy 

flJia B03HHKH0BeHH3 KOHBCKTHBHblX TeHCHHH C BOJIHOBbIM HHCJIOM k\ R = R c (k) + 

e 2 ; aivinjiHTyfla HajxKpHTHaecKHx CTauiiOHapHbix coctojihhh nopa^Ka e. noKa3aHO, 
hto TeneHHa Bcer^a HeycToiiHHBbi othochtcjibho B03MymeHHH, aBjiHiomirxca cyMMoii 

flJIHHHOBOJIHOBOH MOflbl H ^ByX KOpOTKOBOJIHOBblX MOfl, COOTBeTCTByK)Hl,HX JIHHCHHblM 

BajiaM, noBepHyTbiM Ha Majibie yrjibi b npoTHBonojio>KHbix HanpaBjieHHax. MaKCH- 
MajibHbifi HHKpeMeHT pocTa HMeeT nopa^OK 0(max(£ 8//5 , (k — k c ) 2 )), r^e k c - kphth- 
necKoe bojihoboc hhcjio fljia ycTaHOBJieHiia kohbckhhh. 

1 BBe^eHne 

PacciviaTpHBaeTca KOHBeKHiia Pajiea-Benapa b ropn30HTajibHOM cjioe, noflorpeBaeMOM 
CHH3y ii Bpani;aioni;eMca OTHOCHTejibHO BepTHKajibHOH ocii. ropii30HTajibHbie rpaHHHbi 
CBo6oflHbi ii no^epjKiiBaiOTca npn cpiiKCiipoBaHHoii TeivinepaType. B 6e3pa3MepHofi 
(popivie CHCTeMa xapaKTepn3yeTca cjie^yiomHMH napaMeTpaMii: HHCJiaMH Pajiea R 
(xapaKTepH3yioni,HM aMnjiiiTyay chji njiaBynecTH) , ripaH^Tjia P (oTHonieHiie khh6M3- 
TiiHecKofi B33K0CTH k K03(p(pimiieHTy TenjiOBoii fliKp(py3im) h Tefijiopa T (nponopuii- 
OHajibHOM CKopocTii BpanxeHiia) • 

ripii Majibix HHCJiax Pajiea jkhjjkoctb HenoflBiiJKHa. C yBejiiiHeimeM niicjia Pajiea 

B CHCTGMG, B 3aBHCHMOCTH OT COOTHOHieHIia HHCejI TeilJIOpa II ripaHflTJIfl, B03HHKaGT 

MOHOTOHHaa hjih KOJie6aTejibHaii HeycTOHHHBOCTb pp. Bo3HHKaiOHi,He npn MOHOTOHHOH 
HeycTOHHHBOCTH CTauiiOHapiibie cocToaima Tnna BajiOB, KBa^paTHbix h niecTiiyrojib- 
Hbix aneeK Gmjih paccMOTpeHbi, HanpiiMep, b [2j-^j (cm. TaKJKe MOHorpacpnio [H] 
h o63op [6j) flJia kohbckbiiii 6e3 BpanxeHiia, h b ~~ Bpainaioineroca cjioa. 

ripH OTCyTCTBHH BpaiHGHIia BCG TGHGHHH OTBGTBJiaiOTCa B o6jiaCTb B03paCTaHHH HHCGJI 
P3JIGH H, 3a HCKJHOH6HH6M BajiOB, HCyCTOHHIIBbl. IlpH BpaiHGHIIII B03MOJKHO BCTBJieHHe 
TaK>Ke B CTOpOHy ySblBaHHH R } H B HCKOTOpOH oSjiaCTH 3HaHeHHH P H T B03HHKaiOIH,He 

TeneHHa c KBajxpaTHOH aneiiKOH nepiio,a;iiHHOCTii ycTonniiBbi no othohichhh k B03My- 
DxeHiiaM Toro me nepiio/ia, hto h y ochobhoto Teneima. 
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B paSoTe Kionnepca h ilopTHa [8j Sbijio noKa3aHO, hto KOHBeKTHBHbie Bajibi MoryT 
SbiTb HeycToiiHHBbi OTHOCHTejibHO TaKHx me BajiOB, noBepHyTbix Ha KOHenHbiH yroji. 
B npe^ejie Gojibidhx nnceji IlpaHflTjia npH T > 2285 3Ta HeycToiiHHBOCTb hmggt 

MeCTO npH yCTaHOBJieHHH KOHBeKHHH. /IpyrOH THn HeyCTOHHHBOCTH KOHBeKTHBHblX 

BajiOB bo BpaiHaiomeMca cjioe (Tax Ha3biBaeMaa HeycTOHHHBOCTb Majioro yrjia) pac- 
CMOTpejin Kokc h MsTbioc [12j. Hcnojib3ya aMnjiHTyjjHbie ypaBHeHira, ohh noKa3ajin, 

HTO Bajibi C KpilTHHeCKHM BOJIHOBbIM HHCJIOM k c BCer/Icl HeyCTOHHHBbI OTHOCHTejibHO 

B03MymeHHH, HBJiHiomHXCH cyMMOfl jj;jihhhobojihoboh MOJjbi h flByx 3K3eMnjiapoB 
B03Mym,aeMoro TeneHHa, noBepHyTbix Ha Majibie yrjibi nopa^Ka e 2 ^ , r^e e 2 - HajjKpii- 

THHHOCTb. 3TOT THn HeyCTOHHHBOCTH HCCJie^OBaH aCHMnTOTHHeCKHMH MeTOiiaMH flJIil 

BajiOB, Serymirx h ctohihhx bojih jsjis. k = k c b [1 3j - Bmjio noKa3aHO, hto cymecTByiOT 
pacTymiie mo/im npn pa3JiiiHHbix yraax noBopoTa kopotkobojihobbix cjiaraeMbix. 

B jjaHHOH CTaTbe MeTO/ibi jTB] npiuvieHeHbi fljia HccjiejTpBaHira ycTOHHHBOCTH CTa- 
n,HOHapHbix TeneHHH Sojiee cjiojkhoh (popMbi c bojihobbimh HHCJiaMH, He o6a3aTejibHO 

paBHblMH KpHTHHeCKOMy. nOKa3aHO, HTO npH MajIOH Ha^KpHTHHHOCTH Bajibi H KBafl- 

paTHbie HneiiKH, b JiHHeftHOM npiiSjiiiaceHiiii aBJiaiomiieca cyMMOH JJByx nepneH/iiiKy- 

JIHpHblX BajiOB C OJTHHaKOBblMH BOJIHOBblMH HHCJiaMH k, HeyCTOHHHBbl. MaKCHMajIbHblH 

HHKpeivieHT pocTa HMeeT nopaflOK max(e 8//5 , (k — k c ) 2 ). 



2 YcTaHOBjieHHe kohbgki^hh bo BpamaiomeMCH cjioe 

npH MOHOTOHHOH HeyCTOHHHBOCTH 

KoHBeKTHBHbie TeneHHH nojjHimaioTCfl ypaBHeHHio HaBbe-CTOKca 
dv 

— = v x (V x v) + PAv + PR6e z -Vp + PTv x e z (1) 



V-v = 0, (2) 



C yCJIOBHeM HeCJKHMaeMOCTH 

h ypaBHeHHio TenjionpoBOjjHOCTH 

BO 

—. = -(y.V)0 + Vz + AB, (3) 

r^e v - CKopocTb noTOKa, 6 - pa3HOCTb Memory TeMnepaTypoH h ee jiHHeiiHbiM npocpn- 
jieM. Ha ropH30HTajibHbix rpaHimax npeflnojiaraeTca (piiKCiipoBaHHaa TeMnepaTypa 
h OTcyTCTBHe HanpaaceHHH: 

^. = ^ = v M = 0, 9 = Bib z = 0,1. (4) 

CncTeivia flonycKaeT CTainiOHapHoe cocToaHiie v = 0, 6 = 0. Ero ycTOHHH- 

BOCTb onpe^ejiaeTca co6cTBeHHbiMii 3HaaeHH5iMH onepaTopa jiiiHeimoii aacTii ciiCTeMbi 
CO)-®. Ero co6cTBeHHbie (pyHKirnH mvieiOT bhjj; rapMOHiiK Oypbe pj. EIpii mohotohhoh 
HeycTOHMHBOCTH pacTymiie mo/im c BOJiHOBbiM hhcjiom k cymecTByiOT npn R> R c , 

R c (k) = (a 3 +TV)r 2 , a = k 2 + ir 2 , (5) 
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npii KOJieSaTejibHofl - npn R> 

R h c (k) = 2((1 + P)a 3 + (PTtt) 2 (1 + P)- 1 )^ 2 . 
MacTOTa KOJie6aHHH yjj,OBjieTBopaeT ypaBHemiio 



TVa- 1 (l-P)(l + P) 



-1 



(6) 



(7) 



noBTOMy KOJieSaTejibHaa HeycToiiHHBOCTb B03MO)KHa tojibko npri P < 1. 

Mm paccMaTpiiBaeM tojibko cjiyaafi mohotohhoh HeycTOHHiiBOCTii. KpiiTnaecKoe 
BOJiHOBoe hhcjio k c , fljia KOToporo /xpCTHraeTca MiiHiiMyM R c (k), aBJiaeTca KopHeM 
ypaBHemia 

a 2 (2k 2 -n 2 )-T 2 n 2 = 0. (8) 

IlpH HeSojIbniOH HaiJKpHTHHHOCTH 

R = R c (k)+e 2 1 (9) 
hgjihhghhog pemeHiie fT|"(Jl| mojkho Hair™, pa3Jiaraa ero b pa,a, [H] 



(10) 



3/xecb h HH>Ke ncnojib30BaHO npe/jCTaBJiemie nojieii KOHBeKTiiBHoro TeaeHiia b burg 
4-KOMnoHeHTHbix BeKTopoB, r^e nepBbie 3 KOMnoHeHTbi - CKopocTb noTOKa, a nocjiejjHsa 
- TeivinepaTypa: 

Uj = (Uf w ,Uf np ). (11) 

IlepBbiH hjich pa3Jio>KeHHa aBjiaeTca coScTBeHHbiM BeKTopoM jiHHeapii30BaHHOH chc- 
TeMbi (|Tjl - (p|l c R = R c (k), ero moxho npe^CTaBHTb b Biyje cyMMbi 



i=i 



(12) 



r^e flByMepHbie KOHBeKTHBHbie TeneHHa F; - jipmeirHbie Bajibi pa3JinHHOH opneHTan,HH 
c ojxiiHaKOBbiMH BOJiHOBbiMH HHCJiaMH k. Cjie jjyroirrne HJieHbi (fT0|) onpeio;ejiaiOTca H3 
ypaBHeHHH, nojiyaaiomHxca no/iCTaHOBKOH (flTH) h (|12|) b (|T|-(jH). 
IlepBbie hjichbi pa/ra fTo! jtjt3 n — 1 (Bajibi) npnBe^eHbi b [llj: 

/ —7ik~ l cos 7rz sin /ex \ 
T7r(a/e) _1 cos7rz sin /ex 
sin 7tz cos /ex 
\ a -1 sin 7r;? cos /ex 



Ui 



(13) 







u 2 



/ 



T7r 2 (8PA; 3 a)- 1 sin2A;x 


V -(87ca)- 1 sm2irz J 
rjifi aMnjiHTy^a b onpe^ejiaeTca H3 

8k 4 P 2 a = (P 2 k 4 R c - T 2 n 4 )b 2 . 

Cjiyaaii KBa/ipaTHbix h inecTiiyrojibHbix aneeK paccMOTpeHbi b 0, [H] h [10J. 



(14) 



(15) 
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3 yCTOHHHBOCTb BajlOB C k = k c 

B stoh aacTH mm H3JiaraeM pe3yjibTaTbi paSoTbi , r^e nccjieflOBaHa ycToiiHHBOCTb 

BajlOB C BOJIHOBbIM HHCJIOM, paBHbIM KpHTHHeCKOMy. 

ycTOHHiiBOCTb (fTU|) onpe^ejiaeTca co6cTBeHHbiMH 3HaaeHHaMH onepaTopa L, aBJia- 
romeroca jiHHeapH3aHiieH 

©"© B6JIH3H SToro CTainiOHapHoro cocroaHHa. 3tot one- 

paTOp MOJKHO pa3JIO>KHTb B pa^ 

oo 

L = £e%-. (16) 

IlepBbie ^Ba ajieHa HMeiOT bh,h; 

L (v, 6) = (PAv + PR c 9e z - + PTv x e z , v z + M) (17) 



Lt{v, 9) = (U? ow x (V x v) + v x (V x Uf w ), -(Uf w • V)0 - (v • V)U? smp ). (18) 

HnjKe Lq(R) o6o3HaaaeT onepaTop Lq npn P 7^ i? c . OnepaTop M onpe^ejiaeTca 
(popMyjioii 

M(v,0) = (P0e„O). (19) 
JXjisi penieHHa 3a,o,aHH Ha coScTBeHHbie 3HaaeHHa 

LW = AW (20) 

BbiHHCJieHO HHBapiiaHTHoe noflnpocTpaHCTBO L; ,n;jia flOKa3aTejibCTBa HeycTOHaiiBOCTH 
BTopiiaHoro TeaeHHa ^ocTaTOHHO npoBecTH aHajiH3 coScTBeHHbix 3HaaeHHH orpaHii- 
HGHiia L Ha 3to no^npocTpaHCTBO. 

IlycTb Wj (j = I,..., J) 6a3HC b btom no^npocTpaHCTBe. 06o3HaaHM aepe3 
A = (A mn ) MaTpnny orpaHHaemia L Ha sto noflnpocTpaHCTBo: 

J 

LWj^^W, Vj. (21) 

i=l 

IlpeflCTaBHM 6a3HCHbie BeKTopbi h sjieivieHTbi MaTpnubi b BH^e pa^oB 

00 

W^XyW,,!, (22) 
«=o 

00 

A m n = ^ ] ^ -^mn,/- (^3) 

z=o 

rio^CTaBjiaa (12211 h (I23J) b (I21j) h npnpaBHHBaa BbipaaceHHa npn paBHbix CTeneHax 
e, nojiyaaeM CHCTeMy ypaBHeHHii ,a,jia Wj (. B KaaecTBe W^o Bbi6paHbi co6cTBeHHbie 
BeKTopbi Lo: 

L Q W iiQ = A i>Q W i)0 . (24) 



4 



IlycTb (8 x ,8 y ,0) - Majioe B03MyineHne BOJiHOBoro BeKTopa (k, 0, tt): 5 x <C k n 
<5 y <C fc. KoscpcpnniieHTbi W^y n A mrii i pa^oB ()22|1 n (f23|) 3aBiicaT ot sthx napaivieTpoB. 

06o3HaHHM 3a T npOCTpaHCTBO CHMMGTpHHHblX OTHOCHTejIbHO BepTHKajIbHOH OCH 
4-KOMIIOHGHTHbIX BGKTOpHblX nOJieH BH^a (II II) ■ TRe U fl ° W 6e3^HBepreHTHO, flBJIfllOIiniX- 

ch cyMMaMH rapMOHHK <Pypbe c bojihobbimh BeKTopaMii {mk ±<5 X , ±5?,, /7r), r^e I vim 
- nejibie. 3to npocTpaHCTBO L„-HHBapnaHTHO fljia Bcex n. CncTeivia ypaBHeHnn fljia 

Wjj HMeeT BHfl 

J 

L W jtn - A i|0 W iin - ^ A iiin W ii0 = 



m>0,Z>0,m+;=n i=l m>0,/>0,m+i=n 



(25) 



r^e npaBaa nacTb H3BecTHa. n = pemeHne ^aeTca (I24j) . YpaBHeHHfl peniaeM 
nocjie^OBaTejibHO fljia B03pacTaiomHx n > 1. J\jih ,a,ajibHeHHiHx iioctpoghhh HaM 
Heo6xoflHMO, HToSbi peineHHa W Jjn 6biJin paBHOMepHO orpaHnneHbi no 8 X ~a 5 y . ^Jia 
3Toro ^ocTaTOHHO, hto6m Hopivia orpaHHHeHna Lq 1 Ha HHBapiiaHTHoe no^npocTpaHC- 
tbo, flonojiHHTejibHoe b T k HaTaHyTOMy Ha W^o, 6bijia 6m orpaHnneHa paBHOMepHO 
no S x h IlocKOJibKy y orpaHnneHna L Ha J 7 cymecTByeT pobho Tpn Majibix 
coScTBeHHbix 3HaneHna, a ocTajibHbie hmgiot nopa^OK e^nrannbi, ecTecTBGHHO, htoGbi 
nocTpoeHHoe HHBapnaHTHoe noflnpocTpaHCTBO hmcjio pa3MepHOCTb J = 3. 

Wj HMeiOT BHfl: 

^ -5 y sin(5 x x + 5 y y) ^ 
S x sm(8 x x + S y y) 





w ljC 



V 



(26) 



W 



2.0 



7TS_| 



V 



W 



3.0 



( -0 s - 
V 



+ g+^y)^ 1 cos7rzsin((fc + 5 x )x + <5 y t/) \ 

— n5 y kz 2 ) cos 7T2; sin((fc + 5 x )x + 5 y y) 
smnz cos((£; + 5 x )x + 5 y y) 

aZ 1 sin Tiz cos((k + 5 x )x + 5 y y) J 

— q^5y)kz 1 cos Ti z sin( (/c — 5 x )x — S y y) \ 
+ n5 y kz 2 ) cos 7rz sin((fc — 5 x )x — 5 y y) 

sumz cos((A; — 5 x )x — 5 y y) 
az 1 sinnz cos((A; — 5 x )x — 5 y y) ) 



+ 0((k 2 + -k 



2\2\ 



(27) 



+ 0((k 2 _ - k 



2\2\ 



(28) 



3^;ecb k± = ((k ± S x ) 2 + S 2 ) 1/2 , s± = (k± S^kg 1 , a± = k\ + vr 2 n q± = Tn(k ± a ± ) 
Co6cTBeHHbie BeKTopbi (|26j) - (|28jl HMeiOT coScTBeHHbie 3HaneHna 



Xi,o = -P(S 2 x + 5 2 y ), 
-C^g-'a-'ikl - k 2 ) 2 + 0((kl - k 2 f) 



C x Pg- v a-\kt - k ) + 0((k 2 _ - k 



^2,0 
■^3,0 

rfl e d = \d 2 R c /d{k 2 ) 2 = 3(tt 2 + A; 2 )/A; 2 n g = K(2tt 2 - k 2 )k~ 2 + 3P). 



(29) 
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3jieMeHTbi MaTpnnbi A iimciot bh,h; 

An = - P (8 2 x + 8 2 ) + 0(e 2 8 2 ), 
A 21 = \kbe5y + eF^d 2 ) + 0(e5 3 ,e 3 ^ 



A 31 = -IkbeSy + eF^ + OieS 3 ^ 3 ), 
Au = e(% + S})- 1 (C 2 %(q-%) + ±6 9 6 v {CZ-£)+ 

F 2 (5 3 )) + 0(e5 2 ,e 3 )), 
A 22 = -e 2 C 3 -C 1 Pg- 1 a- 1 (k 2 + -k 2 ) 2 + 

0((k 2 + -k 2 ) 3 ,e 2 8,e 4 ), (30) 
A 32 = -e 2 C 3 + 0{e 2 5,e A ) 1 

Ai, = e{8 2 x -8l)-\C 2 f k {8 2 y -5l) + \5J y {C 2 -^)- 

-F 2 (8 3 )) + 0(e8 2 ,e 3 )), 
A 23 = -e 2 C 3 + 0(e 2 5,e 4 ), 
A 33 = -e 2 C 3 -C l Pg- 1 a-\k 2 _-k 2 f+ 

0((k 2 _-k 2 ) 3 ,e 2 8,e 4 ), 

me C 2 = Tn(ka)-\ F, = f,8 2 x + f 2 8 x 8 y + f 3 8 2 , F 2 = f,8 3 x + f 5 8 2 x 8 y + f 6 8J 2 + f 7 8 3 , a 
BejiHHHHbi C 3 n fi HecymecTBeHHbi. 

PaccMaTpHBaa MaTpnny A. b hobom 6a3nce 

Wi = Wi,W 2 = W 2 + W 3 ,W 3 = W2-W3 (31) 

nojiynaeM |13) , hto npn 8 2 + 8 2 ^> e 2 co6cTBeHHbie 3HaneHHJi MaTpnnbi ()3()jl acnMnTO- 

THHeCKH 6.JIH3KH K —P(8 x + S y ) H C06CTBGHHbIM 3HaneHH5IM MaTpnnbi 



A 22 — ^2^.12 A 23 — £ 2 Ai 3 

A 3 2 — £3^12 A 22 — ^3^13 



(32) 



r ^ e £2 — A 2 i/(Au — A 22 ) h £3 = A 3 i/(Au — A 33 ) (A - 9to MaTpniia A, 3anncaHHan 
b hobom 6a3Hce (f3T|) ). 

Co6cTBeHHbie 3HaneHnn (I32jl acnMnTOTnnecKn paBHbi 

^2^2x (& 1 £2W X , 

(33) 



A = -C 4 (Ak 2 5 2 x + <£) - C 3 e 2 ± [2C A k8Jl{%C A k8 x 8l + b 2 e 2 8 y (5 2 x + S^x 



(C 2 7r(8 2 y - 5 2 x ) + k8J y (C 2 - £))(P(8 2 *+8 2 ) + cj 2 )^) + C 3 e 2 )] 1/2 ] 

r^e C4 = C\Pg~ l a~ l . MaKCHMajibHoe no 8 X n 5 y co6ctbghhog 3HaneHne 

5 

^ocTHraeTca npn 



A max = -Pg- x k- 2 5l (34) 



3k 2 8 2 x = 8 4 y h 8 5 y = -^-p- 2 Tv 2 a- x gb 2 E 2 k. (35) 

Ilpn 8 2 + 8 2 = 0(e 2 ) coScTBeHHbie 3HaneHnn (|30f no nopa^Ky He npeBoexo^aT 
0(e 2 ), hto MeHbnie A max ~ e 8 ^ 5 . 
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OnepaTop, conpH»ceHHbiH k Lq OTHOCHTejibHO CKajiapHoro npoH3Be,u;eHHH 

(wi , w 2 ) = wf° w • wf ow + PR c wf mp ■ W2 emp , (36) 

coBnaaaeT c L , b kotopom HanpaBJieHne BpanjeHHa H3MeHeHO Ha npoTHBonoji(»KHoe 
(3aecb • o6o3HaaaeT o6biaHoe CKajiapHoe npoH3Be^eHHe b npocTpaHCTBe L 2 ). Ba3nc, 

^BOHCTBGHHblH K Wj o, HMe6T BHfl 

W 2 * = ^ 1 W 2i0 (-T) + 0{{k\ - k 2 ) 2 ) h (37) 
W 3 *,o = ^ 1 W3, (-T) + 0((A; 2 -P) 2 ), 

rae 

4+ = (W 2i0 , W 2 , (-T)), = (W 3 , , W 3 , (-T)). 

4 yCTOHHHBOCTb BajIOB C k ^ k c 

AHajiH3 ycToiHiiBOCTH BajiOB npH k ^ k c npoBoaiiM aHajiornaHO HCCJieapBaHHio ajia 

BajIOB C BOJIHOBbIM HHCJIOM, paBHbIM KpHTHHGCKOMy. PaCCMaTpHBaGM CoSCTBCHHbie 

3HaaeHHa onepaTopa L, aBJiaiomeroca jiHHeapH3aHHeH Q-JSJ) b6jih3h CTauiiOHapHoro 
coctohhhh (fTO j) . (P jl . (jl^ . OnepaTop 3anncaH b Bnae (fT6|) , nepBbie ajieHbi pa3Jioa<eHHa 
3aaaiOTca Bbipaa<eHHHMH (fTTj) h (fT8|) . 

TpexMepHoe HHBapriaHTHoe npocTpaHCTBO L c 6a3HCOM Wj, j = 1, 2, 3, CTponTca 
Tax >Ke, KaK a ajia k = k c . 3jieMeHTbi MaTpHHbi A. orpaHnaeHHa L Ha sto noanpocTpaH- 
ctbo a 6a3HCHbie BeKTopbi npeacTaBjieHbi b Baae paapB (|23j) a (|22L rae W^q - 
coScTBeHHbie BeKTopbi L , 

CoScTBeHHoe 3HaaeHae A^o (f29|) He 3aBHCHT ot k; A 2j o h A3 hmciot BHa, (THj 

A 2 ,o = (R c (k) - R + )(MW jfi ,W jt0 ) + 0((R c (k) - R + ) 2 ), 

A 3 ,o = (Rc(k) - R-)(MW j>0 ,W* t0 ) + 0((R c (k) - i?_) 2 ), w 

rae R± = R c (k±) - KpHTnaecKoe hhcjio Paaea aaa fc± ((HI). Pa3Jico«HM ero b paa, 
Teajiopa b OKpecTHOCTa k: 

R± = R c (k) + dR c /d(k 2 )(k 2 ± - k 2 ) + ^d 2 R c /d(k 2 ) 2 (k 2 ± - k 2 ) 2 + 

0{{k 2 ± - k 2 f) = R C + d 2 R c /d 2 {k 2 ){k 2 - k 2 ){k 2 ± - k 2 ) + (39) 
\d 2 R c /d{k 2 ) 2 {k 2 ± - k 2 ) 2 + 0((k 2 - k 2 c ){k 2 ± - k 2 ) 2 , (kl - k 2 f). 

Ilpa k = k c BbinojiHeHO dR c (k)/d(k 2 ) = 0. 

Ilpa k 7^ k c ajiea aopaaxa e (I — 1) paa,a ([2*3*1) a,jia MaTpHHbi ("3~("") He H3MeHaeTca, 
t.k. npn ero BbiaHCJieHHH b |13) ycjiOBHe k = k c He Sbijio Hcnojib30BaHO. TaKHM 
o6pa30M, b CHJiy ()38|) . (|39j) h (|30|) . aaa k ^ k c rjiaBHbie ajieHbi MaTpHHbi A orpaHnaeHHa 
onepaTopa L Ha TpexMepHoe HHBapnaHTHoe npocTpaHCTBO Tenepb HMeiOT BHa,: 
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P(X 2 -X- S 2 \ -X- fl(^ 2 S 2 \ 

— ~^\°x + °y) + U \ £ J> 










= -ifcfe<Jj, + eFi(5 2 ) + 0{e5 


3 e 3 ) 


/1 12 


= e(6 2 x + S 2 )-\C 2 f h (6 2 - 6 2 x ) 
t 2 {o )) + U[eo ,e )), 

_ c 2ri ri p„-l„-l/ J,2 
— — £ O3 — Oi-T y « ^ — 


_\_ kft X (a 2 — 

T 2 °a: 2/V O 2 A: 2 / + 






A 

^22 


J,2\2 A/n p -1 -1 
to J — QL^iiy (1 




0(a(A; 2 - k 2 )\ {k\ - k 2 ) 3 , 




A 32 


= -e 2 C 3 + 0{e 2 5,e i ), 




A 13 


= ^ - ajr^go? - a 

F 2 (5 3 )) + 0(^V 3 )), 
= -e 2 C 3 + 0(e 2 5,£ 4 ), 


+ \&x$y{C 2 — fj) - 






A 23 




A 33 


= ^Cg-CiP^-^-^A; 2 - 


k 2 ) 2 - AdPg- 1 ^ 1 



(40) 



0(a(fc 2 -k 2 ) 2 ,(k 2 _ -k 2 ) 3 ,e 2 5,e 4 ), 



rpp a = k — k c . 

Ilpn 5^ + 5^ ^> £ 2 , paccMaTpHBaa MaTpimy A b hobom 6a3Hce fpTTt) KaK h npri 
= fc c , nojiy^aeM, ^ito HanSojibniee coSctbghhog 3HaneHHe (I4()jl acHMnTOTii^GCKii 
paBHO 

A = -C A {Ak 2 5 2 x + S 4 y + Aak5 2 y ) - C 3 e 2 + 
[(2C 4 k5J 2 + Aak 2 5 x )%C A k5J 2 y + 16ak 2 5 x + b 2 e 2 5 y {5 2 x + x (41) 

(C2ir(6 2 y - 51) + k6J y (C 2 2 - p)(P(6 2 x + 8 2 ) + C^)" 1 ) + C.s 2 )] 1 ' 2 . 

B 3aBHCHMOCTH ot cooTHoniGHiia a h e, MaKCiiMyM (piTf flocTnraeTca npii pa3JinaHbix 
ycjiOBiiax Ha S x h S y . 

Cjiyaaii 1: a < e 4 / 5 . 

HaH6ojibinee coSctbghhog 3HanGHHG aciiMnTOTii^GCKii 3a,a,a6Tca Bbipa>K6HH6M (|34ll . 
^ocTHraGMoro npH ycjiOBiiax B btom cjiy^ac flonojiHHTGJibHbiG hjighbi MaTpimbi 
(jlUJl nopa^Ka ~ (fc 2 — A; 2 ) (A; 2 . — A; 2 ) HGcymccTBGHHbi, h HGycToftaiiBOCTb Tuna Majioro 
yraa aBJiaGTca ^OMiiHiipyioinGH. 

Cjiyaaii 2: a > e 4 / 5 . 

MaKCHMajIbHOG COSCTBGHHOG 3HaHGHHG aCHMIITOTHHGCKH paBHO 

A = AC A a 2 k 2 (42) 

h flOCTHraGTca npn 

2k5 x + 5 2 y = -2ak. (43) 

3to HGycTofiaHBOCTb Tana BKxaysa 1 . 3aMGTiiM, hto (jl3j) no3BOJiaGT onpc^GJiHTb 

TOJIbKO BOJIHOBOG HHCJIO HaH60JIGG HGyCTOH^HBOH MO^bl, fljia OnpG^GJIGHHa HanpaBjiGHiia 

1 HeycToii x iHBOCTb 9Kxay3a cooTBeTCTByeT cjiyHaio S y = 0. Kax xopoino H3BecTHO (cm., HanpnMep, 
[filll4j. a TaK»ce ccbijikh b |15jl. HeycToiiHHBOCTb 9xxay3a - sto HeycToiiHHBOCTb BajiOB c bojihobbim 

BGKTOpOM (k, 0, 71") OTHOCHTGJIbHO BajiOB C BOJIHOBbIM BGKTOpOM (q, 0, 7r), HMeiOmafl MeCTO flJIfl ^HCejI 

Psjiea, y^,OBJieTBopflK)LLi,Hx HepaB6HCTBy 3(R— R c (k)) < R c {k) — R c (k c ), rp,e R c (k) onpe^ejieHO J^J, 
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BOJiHOBoro BeKTopa npn MaKCHMH3anHH A b hgm HeoSxo^HMO yHHTbmaTb hjichob 
cjieflyiomero nopa^Ka MajiocTH no BceM MajibiM napaivieTpaM. 
Cjiynaii 3: a ~ e 4//5 . 

3tot cjiynan Han6ojiee HHTepeceH n cjioxteH - HMeeT MecTO B3aHMO,a,eHCTBHe 
^Byx HeycTOH^HBOCTeii. Han6ojibinHH no 5 X n 5 y HHKpeMeHT pocTa HMeeT nopn^OK 
~ e 8 / 5 , n 5 X ~ e 4,/5 n 5 y ~ e 2 / 5 . Mm He npnBOflHM 3^ecb TOHHbie BbipajKeHna A max n 
KOMnoHeHT KpnTnnecKoro BOJiHOBoro BeKTopa, nocKOJibKy ohh nepecnyp rpoM03flKH 

H HeHHCpOpMaTHBHbl. 



5 yCTOHHHBOCTb KBa^paTHblX aneeK 

nocKOJibKy ropn30HTajibHbin cjioh oSjia^aeT BpamaTejibHon HHBapnaHTHOCTbio, bo3- 
MOJKHbi Sojiee cjio>KHbie CTannoHapHbie TenemiH, neM paccMOTpeHHbie Bbinie Bajibi 
(cm., Hanpniviep, [6J). JJjisi Taxnx TeneHnn nepBbiii njieH pafla (II Oil HMeeT bh^ (I12jl : 

n 

U? = E 6 *7 W U 1 , (44) 

i=l 

r^e Ui - jiHHenHbie Bajibi @5j) , 7^ - onepaTop noBopoTa Ha yroji <^ BOKpyr BepTHKajib- 
hoh och. AMnjiHTyzjbi MoryT 6biTb onpe^ejieHbi, HanpnMep, MeTO^OM, npeflJio>KeHHbiM 
BepoHHCOM j2j (cm. TaK»ce [2]). Mm paccMaTpnBaeM tojibko cjiynan KBa^paTHbix 
aneeK, T.e. n = 2, ifi = n <^2 — 7r /2. TeneHna TaKon reoMeTpnn c &i = 6 2 npn 
ycTaHOBJieHHH KOHBeKHnn ycTonnnBbi oraocHTejibHO KopoTKonepno^Hbix B03MymeHHH 
b HeKOTopon oSjiacTH 3HaneHHH P n T [9j. 

^jia nccjieflOBaHna ycTonnnBOCTn KBa^paTHbix aneeK nocTponM HHBapnaHTHoe 
npocTpaHCTBO onepaTopa L sq , aBJiaiomeroca jinHeapnsaHnen (fT j) - P|) b OKpecTHOCTH 
BToro CTan;noHapHoro cocToaHna, pa3MepHOCTH naTb. B KanecTBe npnSjiHaceHHn Hyjie- 
Boro nopa^Ka no e 6a3HCHbix nojien 3Toro HHBapnaHTHoro npocTpaHCTBa Bbi6npaeM 

Wj.,0, W 2 , , W 3 , , 
W 4|Q (4, 8 y ) = 77r/2W 2i0 (-5 ?; , S x ), (45) 

W 5 ,o{5 x ,8 y ) = 77r/2W 3i0 (-5y,5 2; )- 
^BoncTBeHHbin 6a3HC onpe^ejiaeTca aHajiornnHo: 

w* w* w* 

vv l,0; vv 2,0' vv 3,0; 

Wl fi (S x ,5 y ) = 77r/2 W 2,o(-^)^), 
W 5,o(<^A) = ln/2Wl (S y ,S x ). 

HjieH pa3Jio»ceHHa ()16|) HyjieBoro nopa^Ka He 3aBHCHT ot noTOKa, cjie^yioinHH 
njieH HMeeT bh,h; 

L s 1 q = L 1 (U 1 )+L 1 ( 7V2 U 1 ) 
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(3flecb Li(XJ) o6o3HanaeT onepaTop l)18jl . BbiHiicjieHHbift ,a;jia CTauiiOHapHoro cocroaHiia 
U). 3jieMeHTbi MaTpimbi A, onpeflejiaiomeH ycTOHHHBOCTb KBa^paTHbix aneeK, mojkho 
onpe^ejiHTb, 3Haa sjieMeHTbi cooTBeTCTByiomeH MaTpimbi (I40j) ,n,jia BajiOB. 
PaccMOTpHM BHa^ajie cjiy^an k = k c . Tor^a 

A n = -P(5 2 x + 5 2 ) + 0(e 2 5 2 ), 

A 2 i = IkheSy + eF^+OieS^e 3 ), 

A 31 = -ikb 1 e5 y + eF 1 (5 2 ) + 0(e5 3 ,£ 3 ), 

A 41 = \kb 2 e8 x + eF 1 {8 2 ) + 0{e8 3 ,e 3 ), 

An = -lkb 2 £5 x + £Fi(5 2 ) + 0(e8 3 ,e 3 ), 

A12 = e{8 2 x + 5 2 y )-\C 2 ^(5 2 - 51) + §6 x 6 y (C* - £)+ 

F 2 (5 3 )) + 0(e5 2 ,e 3 )), 
A 22 = -^-WV 1 ^- k 2 ) 2 + 0({k 2 + - k 2 ) 3 ,e 2 6,e±), 
A 32 = -e 2 C 3 + 0(e 2 5,e 4 ), 

Ai 3 = e(6 2 x - 5 2 )-\C 2 ^(6 2 y -6 2 x ) + b -i5 x 5 y (C 2 -£)- 

F 2 (5 3 )) + 0(s8 2 ,e 3 )), (46) 
A 23 = - £ 2 C 3 + 0{s\e 4 ), 

A 33 = -e 2 C 3 -C 1 Pg- l a- l {k 2 _-k 2 ) 2 + 0{{k 2 _-k 2 ) 3 ,e 2 8,e^, 
A 14 = e(5 2 x + 5 2 )- 1 (C 2 ^(6 2 x - 6 2 ) + b fSJ y (C 2 -^)+ 

F 4 (5 3 )) + 0(^ 2 ,e 3 )), 
A M = -e 2 C 5 — CiPg~ 1 a~ 1 {k\ - k 2 ) 2 + 0((k\ - k 2 ) 3 , e 2 5, £ 4 ), 
A 54 = -e 2 C 5 + 0(s 2 5,e 4 ), 

Ai 5 = e(Sl + 6 2 )-\C 2 %(5 2 x - 5 2 ) + b i6J y (C 2 -£)- 

F 4 (5 3 )) + 0(e5 2 ,e 3 )), 
A 45 = -e 2 C 5 + 0(e 2 5,e 4 ), 

A 55 = -e 2 Cs-C l Pg~ 1 a-\e_-k 2 ) 2 + 0((k 2 _-k 2 ) 3 ,e 2 5,e A 



r%e k± = ((k ± 5 y ) 2 + 5 2 ) 1 / 2 ; g, Ci, Fx, F 2 Te >Ke, hto h rjisi BajiOB, a 3Ha*ieHiia C3, 
C5 11 /j HecymecTBeHHbi. KoscpcpimiieHTbi, He npiiBe^eHHbie b (jUJ), iiMeiar nopaflOK 

IlycTb 5 y ^> 5^. H3 aciiMnTOTiiKii KOScpcpimiieiiTOB cjie^yeT, hto, npH 

<5 2 + 5 2 ^> e 2 , A44 11 A55 aciiMiiTOTii^ecKii 6ojibine ocTajibHbix K03(p(pimiieHTOB A^, 
Ai4, A$i 11 Vi. Cjie^OBaTejibHO, y MaTpimbi (|46j) ecTb OTpimaTejibHbie co6cTBeHHbie 
SHa^eHiia, aciiMiiTOTiiHecKii 6jiii3Kiie k A 44 11 kotopmm OTBe^aiOT co6cTBeHHbie 

BeKTOpbl 

W 4 = W 4 + CiWi 11 
W 5 = W 5 + 6Wi, 

r^e £1 = A\ 4 /(A\\ + A 44 ) h £2 = ^15/ (-An + A55). IIpeflCTaBiiM MaTpinxy b hobom 
6a3iice W 4 — > W 4 , W5 — > W5. OcTaBniHeca Tpii co6cTBeHHbie 3HaHeHiia MaTpimbi 
(J!!} Tor^a paBHbi coScTBeHHbiM 3HaHeHiiaM ee noflMaTpimbi pa3MepoM 3 x 3 b BepxHeM 
jieBOM yray, KOTopaa HMeeT bh^;: 

Aij = Aij fljia (ij) 7^ (21), (31); 

A 21 = A 21 -eiA 12 ; (47) 

A31 = A31 — ^2^12, 
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r,n;e Ay, i,j = 1, 2, 3, - sjieivieHTbi MaTpnnbi (|46j) . 3anncaHHon b 6a3nce W. ^onojiHH- 
TejibHbie HJieHbi, B03HHKaioiii;He npn H3MeHeHiiii 6a3nca, acnMnTOTnnecKn Majibi, h 
MaTpnnbi (|30j) n (|47l) coBna^aiOT (c tohhoctbio 3aMeHbi b Ha b\). MaKCHMajibHoe 
co6cTBeHHoe 3HaneHne JSOJ, HaiifleHHoe b pa3Jj,ejie (3), 3ajjaeTca cpopMyjioii (J33J). 

^Jia k 7^ k c , TaK >Ke KaK H npH HCCJieflOBaHHH yCTOHHHBOCTH KOHBeKTHBHblX BajIOB, 

b MaTpnne (jl6|) Ha flnaroHajin noaBJiaiOTca ^onojiHHTejibHbie cjiaraeMbie: 
^iP^-^- 1 ^-^ 2 ), ^CiPg^ 1 a~ 1 (k 2 _-k 2 ),4:CiPg^ 1 a^ 1 (k 2 + -k 2 ) h 4C 1 P#- 1 a- 1 (£; 2 _- 
fc 2 ) b sjieivieHTax A22, ^33, ^44 h A55, cooTBeTCTBeHHO. PaccMaTpHBaa Tpn BapnaHTa 
cooTHonieHHH (k c — k) h £, Tax >Ke, KaK b KOHne pa3,a,ejia (4), h Hcnojib3ya onHcaHHyio 
Bbiine 3aMeHy 6a3Hca W 4 — > W 4 , W 5 — > W 5 , mo>kho noKa3aTb, hto ,a,Jia Ka>K,a,oro 
H3 Tpex BapnaHTOB cooTHonieHHH cymecTByeT pacTymaa ivio^a. Ilpn stom, KaK n b 
cjiynae BajiOB, flOMHHnpyiOT Tpn Tnna HeycTonnnBOCTn: npn a -C e 4//5 HeycTonnnBOCTb 
Tnna Majioro yrjia, npn a 3> £ 4//5 - Tnna 3Kxay3a, a npn a ~ e 4//5 HeycTonnnBOCTn 

3THX ^ByX THnOB B3aHMO,H,eHCTByiOT. 

6 3aKjiiOHeHHe 

Mm noKa3ajiH, hto paccMOTpeHHbie KOHBeKTHBHbie TeneHna (Bajibi h KBajjpaTHbie 
anenKn) bo BpainaiomeMca cjioe Bcerjja HeycTonnnBbi OTHOCHTejibHO fljinHHOBOJiHOBbix 

B03MyiH,eHHH. B 3aBHCHMOCTH OT COOTHOHieHHH Ha^KpHTHHHOCTH H pa3HOCTH BOJIHOBO- 

ro HHCJia TeneHna n KpnTnnecKoro BOJiHOBoro nncjia, ^OMHHHpyeT jih6o HeycTonnn- 
boctb Majioro yrjia, jihSo HeycTonnnBOCTb 3Kxay3a. BbinncjieHna npHBe^eHbi fljia 
cjiynaa HaflKpnTnnecKoro BeTBJieHna CTannoHapHbix KOHBeKTHBHblX cocToaHnn, oflHa- 
ko ecjiH ohh OTBeTBjiaiOTca b o6jiacTb yMeHbnieHHH R (cm. [9J), pe3yjibTaTbi coxpaHa- 
Kyrca. 

^JIHHHOBOJIHOBaH HeyCTOHHHBOCTb KOHBeKTHBHblX TeneHHH flOMHHHpyeT Ha^ He- 

ycToiiHHBOCTbio no OTHOHieHHio k kopotkobojihobbim B03MymeHHHM (ecjiH TaKOBaa 
HMeeT MecTo), nocKOJibKy y Hee HHKpeMeHT pocTa acnMnTOTnnecKn Sojibine (0(e 8 ^) 
fljia HeycTOHHHBOCTH Majioro yrjia, Kor^a BOJiHOBoe hhcjio ocHOBHoro TeneHna 6jih3ko 
ko KpHTHnecKOMy, hjih 0((k — k c ) 2 ) ^> 0(e 8 ^ 5 ) fljia HeycTOHHHBOCTH Tnna 3Kxay3a, 
HMeiomen MecTO b npoTHBHOM cjiynae) acnMnTOTnnecKn 6ojibnie HHKpeMeHTa pocTa 
fljia KopoTKOBOJiHOBofl HeycTOHHHBOCTH, HMeiomero nopa^OK 0(e 2 ). 

J\jisi npocTpaHCTBeHHbix CTpyKTyp, y kotopmx nepBbin njieH pasjioaceHna no 
e aBjiaeTca cyMMofl Tpex hjih 6ojiee BajiOB BHJja (14411 . moxho npoBecTH aHajiH3 
ycTOHHHBOCTH aHajiorHHHbiM o6pa30M, oflHaKO, c yBejiHHeHHeM HHCJia BajiOB pa3Mep 
HCCJie^yeMOH Ha coScTBeHHbie 3HaneHHa MaTpnnbi B03pacTaeT h BbinncjieHna CTaHO- 
BaTca Sojiee rpoM03^KHMH. 

Pa6oTa BbinojmeHa npn nofl^epjKKe PoccnncKoro cpOH^a (pyH^aMeHTajibHbix nc- 
cjieflOBaHHH (rpaHT 04-05-64699). 
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